Abstract. The Yang-Baxter equation is solved in two dimensions giving rise to a two-parameter deformation of GL(2). The transformation properties of quantum planes are briefly discussed. Non-central determinant and inverse are constructed. A right-invariant differential calculus is presented and the role of the different deformation parameters investigated. While the corresponding Lie algebra relations are simply deformed, the comultiplication exhibits both quantization parameters.
Introduction
The main understanding of the concept of quantum groups goes back to the seminal papers of Faddeev et al.
[1], Drinfeld [2] , and Manin [3] . Quantum groups have now found wide interest among theoretical physicists whose interest spans from axiomatic quantum field theory to two-dimensional solid-state systems. Quantum groups are a generalization of the concept of groups. More precisely, a quantum group is a deformation of a group that, for particular values of the deformation parameter, coincides with the group. Knowing the role that symmetries play in physics, it is a natural question to ask to what extent the deformed concept of symmetries might be used in physics as well. This is a particular tempting question because the deformation formalism is so to speak "smooth" in the deformation parameter and, therefore, if quantum groups can be applied to physics, the predictions might be arbitrarily close to the predictions of regular symmetries. To pursue this idea it is certainly necessary to get a better understanding of the basic concepts and the computational techniques of quantum groups.
In this paper we ask for the most general possible deformation of the group GL(2) and, with some technical assumptions, obtain a two-parameter deformation. The * On leave from II. Institut ffir Theoretische Physik, Universit/it Hamburg first occurrence of a two-parameter deformation is presumably due to Kobyzev in collaboration with Manin [4] (recently also [5] ). It was also independently found by one of the authors [6] . Next we develop the formalism of differential geometry on these two-parameter deformed quantum groups.
The application of non-commutative differential geometry to quantum matrix groups by Woronowicz [7] was the starting point to study differential geometry on the basic matrix representations of quantum groups. Here we use the same techniques as they were first applied in the treatment of a one-parameter deformation of GL(1 ] 1) [8] and of the quantum planes [9] . On quantum planes the application of this formalism leads to a deformation of the Heisenberg algebra. The two-parameter deformation of GL(2), as it is found in this paper, gives rise to a two-parameter deformation of the differential calculus on the two-dimensional quantum plane. It leads to a two-parameter deformation of the Heisenberg algebra. The deformed Lie algebra, corresponding to the deformed group GL(2) depends essentially on one parameter only. This is in agreement with Drinfeld's uniqueness theorem. We shall show that the Drinfeld algebra is in the enveloping algebra of our deformed Lie algebra. The relevance of the two-parameter deformation, however, comes to bear in the comultiplication rule which truly depends on both parameters.
The quantum group
Quantum matrix spaces were approached by Manin [3] using an associative graded algebra A = ~)Ai Ao =K, i=0 a field (normally R or C), A1 = {t 1, t~ .... , t,"} a set that generates the algebra. This algebra is factorized with an ideal generated by quadratic relations. Following Tak 
We shall refer to these relations as RTT-relation. These are n 4 equations for n 2 variables. There is always a trivial solution tik=6~ k (T the unit matrix). But for suitable Rmatrices there are more interesting solutions that correspond to non-trivial deformations of groups. The relations (2) should not generate cubic or higher relations in t~, they should describe the non-commuting structure completely. This is the case if R satisfies the (quantum) Yang-Baxter equation (YBE). In the standard direct product notation this is the equation:
Altogether, the algebra of quantum matrices can be precisely defined as
c [[t~,33

A R = R T, T2 -Tz T, R " (4)
The quantum matrices can be understood as transformations of a quantum vector space. The n-dimensional quantum vector space is a space spanned by n variables x ~, subject to the relation:
but now a polynomial in the matrix language of (4), the quantum vector be characterized as follows:
where I), R is the ideal corresponding to (5) 9 The quantum matrices act via the coaction T" C" R-~AR| g in a 9 f, .f,.
l i k combination of matrix and tensor product Tx = tk| which gives C),R and Ag-comodule structure. Note that in general the non-commuting structure of AR does not completely determine that of C},R. In order to find deformations of GL(2) one has to solve (3) for the case n= 2, i.e. n 6= 64 cubic equations in n4= 16 variables. This problem becomes calculable if one requires some basic assumptions for quantized GL(2). Firstly, the ordered quadratic monomials of the / quantum group parameters T=(c a d)' four should be / linearly independent also in the quantized cases and the non-commuting structure should allow a lexicographical ordering. If in addition one requires the squares a 2, b 2, c 2, d z not to enter in the RTT-relations, as is the case for conventional GL quantum groups, it follows that the R-matrix is of block-diagonal type:
The YBE reduces in this case to 14 nontrivial equations giving seven independent relations:
ABC=O, BCD=O, BC(B-C)=O.
If we demand in addition that the solution has a unit matrix limit, i.e. that there are values for the deformation parameters such that the quantum group parameters become commutative, and that the RTT-relation does not reduce the number of group parameters, then the conditions (8) 
(lo)
One interesting consequence of the existence of a twoparameter deformation is the fact that it implies an infinite number of one-parameter deformations and the conventional choice of Rq = Rq, q appears to be a quite special one. This will proove to have interesting consequences for the interplay of the group quantization with the quantization of its Lie algebra in Sect. 5 and 6. The R-matrix is the sum of two projectors /~p,q =ql+~4, sj2ocd. Thus f(/~) in (5) is always of the form Cll+C2S~. Only iff is proportional to d or to 5P=~+(q+ 1/1, we find x 1 x 2 different from zero: For \ v/ 1 these two cases we get the well-known q-plane and --exterior plane, respectively: P X 1 x2=qx 2 X 1, 41 42= _! 42 41, (~1)2=(4~) 2=0.
P Consequently, TeAR transforms a q-plane and a
